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Modeling and Variables Estimation of a Two-
phase Stepper Motor by using Extended Kalman
Filter

Rafik Salloum, Mohammad Reza Arvan, Bijan Moaveni

Abstract— This paper presents the detailed mathematical and Simulink® model of a two-phase stepper BLDC motor in the machine
variables, proving the rotor's position role in supplying the motor. Then an extended Kalman filter (EKF) is designed to estimate the motor
state variables: stator currents, and the rotor position and velocity, on the basis of noisy measurements of stator currents, since it has a
nonlinear function with time. The temperature change effects on the motor's performance are verified. Simulation results show that the
motor's rotor position and velocity can be estimated in a satisfactory accuracy by the proposed method.
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1 INTRODUCTION

Exisﬁng trends in more electrification of automobiles indi-
cate a further increase in deployment of electromechanical

energy devices in coming years. Due to their high efficien-
cy, long lifetime, and excellent servo control performance,
permanent magnet brushless dc (BLDC) motors are now used
extensively. = Two-phase permanent magnet synchronous
BLDC motors are commonly utilized as the stepper motors
which are effectively utilized as direct drives and servos. In
addition, the stepper motors usually operate in the open-loop
configuration, especially when the load and inertia applied to
the rotor are constant. The stepper motor rotates step-by-step
by properly “energizing” the windings by supplying u,s and
ups. However, the brushless dc motor requires a rotor position
sensor with which commutation and current control are per-
formed, such as resolvers and absolute encoders which in-
crease cost, complexity and size of the motor and restrict its
application [1]. Furthermore, as the application fields expand,
the brushless dc motor is used in a special case where the mo-
tor cannot be provided with a position sensor. Many sensor-
less control methods which drive the brushless dc motors
without position and speed sensors have been proposed. In
[2], an approach for measuring the speed of a BLDC depends
on measuring the frequency of the voltage between two phas-
es of the motor was presented. While, in [3], a current feed-
back was used to estimate the rotor position of a stepper mo-
tor, and a filter was implemented in order to compensate the
position estimation error. A current injection based method
was proposed in [4] to estimate and correct the error of posi-
tion estimation in BLDC motor.

In this paper, the open loop work case and the sensorless
case by using the continuous time extended Kalman filter are
considered for a two-phase brushless dc motor, like that
shown in Fig. 1.
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Fig. 1. Two-phase symmetrical BLDC motor.

One of sensorless control methods is the Extended Kalman
Filter (EKF) sensorless control. It appears to be a viable and
computationally efficient candidate for the on-line estimation
of the speed and rotor position. This is possible since a math-
ematical model, describing the motor dynamics is sufficiently
well known. The terminal quantities like voltages and currents
can be measured easily and are suitable for the determination
of the rotor position and speed in an indirect way. In [5], a
discrete EKF approach was applied to estimate the position
and speed of a permanent magnet synchronous motor. In ad-
dition to estimate the motor variables by discrete EKF, it was
employed with a position feedback controller to compensate
the load variations in [6], and applied to a stepper motor driv-
er that works with long cables in [7].

In this paper, simulations are carried out to show the per-
formance of the proposed continuous time EKF estimator and
compare it with the theoretical one.
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Nomenclatures of the used symbols are tabulated at the
end of this paper.

2 MOTOR MODELLING

For stepper motors, the electrical angular velocity and dis-
placement are found using the number of rotor tooth RT, i.e.
@r = RT @, and 0, = RT 0,,,. Where 0, is the angular dis-
placement of the rotor and it is defined as follows: &.= d0,/dt.

A 2-phase machine with identical stator windings is com-
monly considered a symmetrical 2-phase induction machine,
the a; and bs; windings are assumed to have N, equivalent
turns with resistance r [8]. To derive the governing equations
for the studied motor, the stator circuitry-electromagnetic dy-
namics should be described, then the mechanical behavior
should be modeled, and the electromagnetic torque is ex-
pressed.

Consider the motor shown in Fig. 1. Using Kirchhoff’s volt-
age law, the voltage equations expressed in the machine vari-
ables may be written as follows:

_ dtIl!‘.I:S
ul:3=?3:l:3+ dt (1)
dip;
Upg = Tipg +_d:3 )

Where the flux linkages per second are expressed as:

-':nf"r.'.s = L:s:sfcs + Lcsbs:-bs + -':Il!‘ll.?f]'i (3)

-':nf"bs = I'E:'scsfcs + Lbsbs:-bs + -':l'!"h.sm (4)

The stator self-inductances are identical, i.e. Lusus = Lpsps = Les.
The stator windings are displaced by 90 electrical degrees.
Hence, the mutual inductances between the stator windings
are Lgsps=Lpss=0. In addition, the flux linkages: Wasm and Wesm
present the amplitude of the flux linkages established by the
permanent magnet as viewed from the stator phase windings,
which are functions of the number of the rotor tooth and dis-
placement.

t|E"'r.'.si'r. = tl'!‘i‘f cus{RTﬁ'rm] i t|E"1:'.3i'r = T|E"i'r.'Sm':*r:l'TE"ri'n:]

Thus, (3) and (4) can be rewritten as follows:

Woo = Lopiy. + Wy.cos(RTE,,.) @)

Ype = Lapipe +¢m'5[ﬂ{HTErm:] (6)

Then, (1) and (2) yield:

di % RTUp : 1 ?
dfa‘g L RT"IJW I (10)
_dt — _E:m — I o N— cns{RTﬁ‘m] + L Upg

The expression for the electromagnetic torque developed by
the motor is obtained by deriving the co-energy:

W, =0.5(L,.i% + L it )+ i . cos(RTE, . ) +

W iye SINCRT By ) + Wy (11)
T, = :ﬂ:—"ﬂ = RT . [—i . 5in(RTB, ;. ) + iy cos(RTE,,. )] (12)
Newton'’s second law yields:
;% =T, — Bty — T} (13)

Hence, the behavior of the motor's currents, rotor angular ve-
locity, and displacement are described by the following equa-
tions set:

digs L ATy, ) i
= g:“ + ?mm.sm{ﬂrerm] + Eu:s
dig, % RTy,
ar T L e Wrme cos(RT8,, ) + Tt
foic] k] =z
i RT1 B 1
f;tm =2 J;Pm [=igs SIRT Byp) + ipg COS(RTEppy)] — Jr_m”m -7

A /AL = iy (14)
These equations were used to implement the stepper motor

Simulink® model in the equivalent s-domain, as illustrated in
Fig. 2.
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Fig. 2. Stepper motor Simulink model.

) Bigs . It's noted from the electromagnetic form illustrated in (12) that
Ugs = g + Lge dr RTry, oy sin(RT 8,y ) ) in order to get a balanced two-phase current sinusoidal set:
Therefore, i ige = —V2i,.sin(RTH,,,) and iy, = v2i,.cos(RTE,,, )
g 8
Upe = Bips + Ly .:T:S + RTr,, g cos(RT B, ) ®)
This produces the maximum torque form:
IJSER © 2013

http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research Volume 4, Issue 9, September-2013 704

ISSN 2229-5518

Te = VZRT Y i

Consequently, the phase voltages u, and uj should be
supplied as functions of the rotor angular displacement in or-
der to maximize the electromagnetic torque.

uge = —v 2u,. sin(RTE,,,) and u;, = v/2u,.cos(RTE,,, ).

However, to implement this supply, the angular displace-
ment of motor's rotor should be known by one of the follow-
ing methods:

1. Measuring the rotor angular displacement by using
sensors like Hall sensors which are commonly used for this
purpose.

2. Observing the rotor angle by using the induced emf or

phase currents measurements.

Alternatively, to eliminate the need for sensors or observers
(sensorless control), two solutions are available for stepper
motors:

1- Stepper motors can operate in the open-loop configura-
tion, particularly at low speeds and in steady-state operation,
by supplying the phase voltages with frequency wa. For ex-
ample, without measuring 6rm, one may supply the pulses.

i

- . - . T
as = ~V2u,.sgn(sin(w 1)) and u,, = "‘"2“:-5511L"-'”5[”-"=t_5.}}

2- Estimation of the motor's rotor angle and speed by using
different algorithms, and this will be examined next in this
paper by employing EKF.

3 EXTENDED KALMAN FILTER (EKF)

The extended Kalman filter algorithm is an optimal recursive
estimation algorithm for nonlinear systems which is well ex-
plained in literature [9, 10]. It processes all available meas-
urements regardless of their precision, to provide a quick and
accurate estimate of the variables of interest, and also achieves
a rapid convergence.

The main goal of using EKF is to estimate the motor's vari-
ables: stator currents, and the rotor's position and velocity, on
the basis of noisy measurements of the stator currents.

The continuous time extended Kalman filter is applied to
the continuous model of the stepper motor in the state space
extracted in equations set (14) which is nonlinear due to the
states product. Because the number of the parameters to be
identified is four, a forth order parameter vector is defined as:
x= [fr.'s ips Gy Er]T

[Il‘r.zs Il‘bs ]T

The EKF algorithm can be summarized as follows:

In addition, define: u = [uﬂs Uy, ]T; Zz=

*  System model and measurement model: Assuming a non-
linear system given by

#= flrwt) + Gldw: w(t)~0.0
z=hix.t) + v: vw(EO~0R

* Assumptions: {w(t)} and {v(t)} are the system and meas-
urement noises respectively, with covariances Q and R
resp., and these noises are assumed to be white noise pro-
cesses uncorrelated with x(0) and with each other.

* Initialization: The filter is

P(0) = PO ; £00) = xg
* Estimate update:

initialized by

= f(wt) + K[z — h(¥)]
* Error covariance update:

P=A(E )P + PAT (£t) + GOGT — PHT (£ t)R™IH(E P
* Kalman gain:

K= PHT (£ t)R™* with

F 3]
: H{JI; t:] — drlxt)

(
dx

F et
H{JI; t:] — af Lxat)

dx

4 SIMULATION AND RESULTS ANALYSIS

The derived equations of the considered motor and its Sim-
ulink® model are applied for simulation. A Pacific Scientific
stepper motor E24HSXS data [11], listed in Table 1, at temper-
ature 20 °C are implemented into the EKF algorithm.

TABLE 1
MoTOR DATAAT 20 °C

Parameter Value

Vir 7.6 [V]
R T 74 [A]

] 0.0015 [Kg.m?]

, 043 [Q]

L., 0.009 [H]

L 0.026 [N.m/A]

E.. 0.005 [N.m.sec/rad]

# The starting values of the estimations of the state vector
and the parameter vector are set to zero-vectors, i.e.:
E{U:I = Xp = 0.

For the covariance matrix of the estimation error was set to
identity: Py = eye (4).

+ In this application the measurement matrix H is linear:

1 o o0
H= [D 1 0 U]
+ The measurement noise covariance matrix:
R = [T[]‘ D,] where r is the standard deviation of meas-
.

urement noise. The diagonal elements of the measurement
noise covariance matrix r were chosen according to the
measurement error of the current sensors (0.7%) [12].
r=10.052 A.
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+ The evaluation of the system noise covariance matrix is more
complicated. It accounts for the model inaccuracy, system
disturbances, and the measurement errors of the voltages sen-
sors. The process noise covariance matrix can be concluded
as follows:

Q = ding [#Noise(1)? Noise(2)? #Noise(3)? iNoise(4)?],

R L c

iNoise' =|— — & EI],
55 L5

where C is the standard deviation of uncertainty in control

inputs: C= 0.07 volts, and 4 is the standard deviation of shaft

acceleration noise: a = 0.5 rad/sec2.

Using the result in (14),

i 0
_I.&g
af Cx, u, t) %
Alx,t) = o - g
—& sinx(4) &msx{‘}]

Les
L
| L%
¥m
]

&.sinx{{]

o]

Y

——.cosx(4)

L

[

¥m

= [x(1) cos x(4) + x(2) sinx(4)]

Les

x(3)

Ym

705

& = [dig/dt dip/dt deyy,/dt db,,,/dt]”
i 'z !
——=x(1) +hx{3j. sinx(4) + —ug,

Le

o ¥m ool
(2) ~ g x@)-cosx(4) + e

[—x(1)sinx(4) + x(2)cosx(4)] — ?I{S:I

Consequently, the matrix A can be calculated as follows:

— x({ 3} cosx(4)

Les

%xﬁ].sinx{ﬂ

The simulation results of the EKF variables estimation, in
addition to the estimation errors, are depicted in Fig. 3, Fig. 4 and
Fig. 5. For analysis purposes, the standard deviation of estimation
error for the state vector components was calculated; i.e. root

o
mean square error (RMSE). &
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Fig. 3. Motor true and estimated currents.
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Fig. 5. True and estimated motor's rotor position with estimation errors.

The following observations can be made from the simulation

results:

e The stator currents estimation errors remain less than
0.95%.

e The maximum steady-state error between theoretical and
estimated rotor position is merely 1%, then after 0.3 sec it
becomes less than +0.2%. While the maximum steady-state
error between theoretical and estimated motor speed is
about 5% and it decreases to 1% after 0.3 sec.

e The estimated speed could be applied as the feedback sig-
nal in the control circuits to achieve sensorless speed con-
trol system. Moreover, the important variable to be esti-
mated, which is the rotor position here, was estimated by a
standard deviation about 0.001 rad.

The previous observations are confirmed by plotting the P ma-

trix trace, as shown in Fig. 6.

The observations extracted from the simulation results; the stator
currents, rotor's speed, and rotor's position estimation errors were
arranged in Table 3.
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Fig. 6. Covariance matrix of the estimation error.

5 TEMPRATURE CHANGE EFFECTS

The temperature of the electric machines changes over a wide
range during operation. Since the windings resistance and the
permanent magnets material characteristics are functions of
temperature, the performance of the machine should be stud-
ied in different working temperatures. The influence of these
time-varying parameters on the supply voltages is declared in
equations set (14).

The considered motor data [11] at temperature 120 °C are
shown in Table 2.

TABLE 2
MoToR DATAAT 120 °C
Parameter Value
Vie 7.6 [V]
N T 74 [A]
i 0.0015 [Kg.m?]
r, 057 [Q]
L., 0.011 [H]
L 0.02 [N.m/A]
E. 0.005 [N.m.sec / rad]

Again, running the simulation, the motor currents, rotor's
speed and position are as illustrated in Fig. 7, Fig. 8 and Fig. 9.

The estimation errors were arranged in Table 3.
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TABLE 3
MOTOR VARIABLES ESTIMATION ERRORS
O. ¥ at O. ¥ at
Parameter Steady
T =20°C T =120°C State error
Tas,1ps (A) 0.0980 0.0999 +0.95 %
@y 0,
(rad/sed) 0.0235 0.0286 +1%
0, (rad) 0.0009 0.0019 +0.1%
*Standard deviation of estimation error.
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Fig. 9. True and estimated rotor's position with estimation errors at 120 °C.

Analyzing the results, illustrated in last Figures and tabulated
in Table 3, leads to the following observations:

= The stator currents of hot motor decreased because the
resistances increased.

= The electromagnetic torque generated by the hot motor
will decrease because the stator currents decrease and the mo-
tor constant ym also decreased.

T. = BT, [—i, . sin(RT8,,. ) + i, cos(RTE,,. )]

6 CONCLUSIONS

A dynamic model of a two-phase stepper motor, besides its
Simulink® model, was presented in detail in this paper. In
addition, the importance of rotor position measurement for
supplying voltage has been clarified. Using the presented
method, which applies the EKE, it is possible to estimate the
speed and rotor position of the BLDC motor with sufficient
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accuracy in both the steady-state and dynamic modes of oper-
ation. Thus, the extended Kalman filter is a solution to precise-
ly estimate the state of nonlinear system.

The temperature change effects on the motor's performance

were also verified.

NOMENCLATURES

Uas, Ubs The phase voltages supplied to the stator

windings as and bs

fas, Tbs The phase currents

Was, Wos Stator flux linkages per second

Ts Stator windings resistance

Lasas , Lbsbs Self-inductances

Lasbs, Losas Mutual inductances

- The rotor angle

r The rotor angular velocity

RT The rotor tooth number

T, To Electromagnetic and load torques

Moment of inertia

~

Estimated state vector

| e

Covariance matrix of estimation error

Viscous friction coefficient
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